We consider the problems of gauge invariance, path-dependence and treatment of overlapping UV/rapidity divergences peculiar to the transverse-momentum dependent parton distribution functions (TMDs). For different formulations of the TMDs available in the literature, we check the consistency of the TMD matrix elements with the collinear parton distribution functions possessing the well-known operator structure. Comparative on-and off-light-cone layout of the Wilson lines which secure the gauge-invariance of the TMDs is presented and briefly discussed.
Collinear (transverse-momentum-integrated) parton densities can be introduced as the gauge--independent hadronic matrix elements [1] (light-cone components of four-vectors are defined as
Generic Wilson (straight) line [ξ − , 0 − ] w is a path-ordered exponential evaluated along the direction of a fixed four-vector w: [∞; ξ ] w ≡ P exp −ig ∞ 0 dτ w µ A µ a t a (ξ + wτ) . For fully inclusive processes, the relevant integration path is completely defined by a single light-like vector n. The matrix element (1) is, therefore, gauge invariant, but path-(n−)dependent. This path-dependence, however, does not give rise to any problems in the case of the collinear PDFs where the situation is effectively one-dimensional [2] .
Application of the QCD factorization approach to the semi-inclusive processes, such as semiinclusive deep inelastic scattering (SIDIS), the Drell-Yan (DY) process etc., requires more detailed knowledge of the nucleon structure: one must be able, in particular, to take into account intrinsic transverse momenta of the partons and their possible correlations with the spin of the parent nucleon. To this end, the transverse-momentum dependent (TMD) distribution and fragmentation functions have been proposed (for a review, see, e.g., [3, 4] and refs. therein). To our discussion, we adopt the following definition of the trial unsubtracted"quark in a quark" TMD which is a straightforward generalization of the collinear matrix element (1):
We distinguish here between longitudinal n-and transversal l l l-Wilson lines [5] . Formally, performing integration of the Eq. (2) over k k k ⊥ one expects to obtain the standard collinear PDF, Eq.
We focus first on the "extended tree-level" picture: we do not take into account the quantum corrections due to perturbative gluon exchanges, but keep on with the "classical" Wilson lines. Staying within this approximation, we can still learn something about the geometrical structure of the Wilson lines in the TMDs. The dependence on the integration path is a crucial point here.
While the fermionic structure of the quark TMDs is fixed (given the parton number interpretation, it must be a bilocal product of two quark field operators defined in two different space-time points separated by a non-light-like interval), there are several different approaches to the design of the Wilson lines which resum collinear gluons and provide the gauge independence of the TMD matrix elements. Moreover, another set of the Wilson lines arises in the so-called soft factors, which enable one to get rid of the extra rapidity divergences. We present and discuss the geometry of the gauge links in different formulations of the quark TMD in Figs. 1-3. Consider now the overlapping singularities emerging in the one-loop corrections to the trial TMD (2) . The corresponding Feynman graphs are presented in Fig. 4 . In the covariant gauge, the UV-singular term with potential rapidity divergency reads
Its light-cone gauge counter-part is
In both cases, besides the dimensional regularization, an additional cutoff is needed to control the rapidity divergences peculiar to the non-local matrix elements with light-like Wilson lines (or to those ones taken in the light-cone axial gauge). On the other hand, the soft factor (lower panel) gives the following one-loop contributions
Adopting theη-regularization of the gluon propagator in the light-cone gauge [7] , or, equivalently, the similar regularization of the eikonal propagator in the covariant gauge [11] , we obtain the UVsingular terms
Figure 2: :Layout of the Wilson lines entering the "bare" soft factors (left column) and the symbolic reduction to the integrated PDFs (right column). The upper panel shows the soft factor in the momentum space proposed in [7] . The lower panel presents the "shifted" off-the-light-cone contour in the impact parameter space and the reduction to the collinear PDF at b b b ⊥ → 0.
Figure 3:
Comparative structure of the Wilson lines in the "full" soft factors. The upper panel shows the soft factor of the "pure light-cone" TMD [7, 8] . The lower panel shows the longitudinal gauge links shifted from the light-cone, which are used in the Collins factorization approach [9, 10] .
where the dimensionless regulator readsη = η/p + , andη + is an additional regulator of the pluslight-cone divergences in the soft factor [7, 11] . Since we are interested in the TMD evolution with respect to the rapidity scale θ = ln η/p + , it is convenient to take the "rapidity derivative" to get rid of the light-cone-driven peculiarity [12] , see also discussions in [13] :
The residues of the Σ's at a simple pole 1/ε are given, therefore, by the plus and minus cusp anomalous dimension for a light-cone angle [14, 12] : γ cusp = α s π C F . As for the generic structure of the overlapping divergences in the TMDs in the next-to-leading orders, we conjecture that the contribution of the overlapping singularities to the renormalized TMD is defined by (in general, a finite number of) the cusp anomalous dimensions which are known in the theory of Wilson lines/loops, and the cancellation of those singularities is achieved by the proper subtraction of the soft factors with obstructions (angles). We demonstrated the validity of this conjecture in the leading O(α s )-order in our previous works [7, 8] . The symbolic factorization formula which is assumed in this approach reads
The layout of the Wilson lines is consistent with that of the integrated PDFs [12, 15] and allows the parton number interpretation. On the other hand, a new design of the generic TMD has been proposed by Collins [9] . In his approach, the TMDs are defined in the impact parameter space and contain the soft factors with the Wilson lines evaluated along the different light-like n ± and the "shifted" n A,B vectors (see also [16] )
The structure of these Wilson lines is shown and discussed in Fig. 3 . Another interesting approach to the TMD factorization and treatment of the rapidity divergences has been recently proposed in Refs. [11] . Let us point out that there is still no visible connection between different formulations of TMDs. In particular, the operator definitions of the TMDs may correspond to different (although, somehow related) objects with different renormalization and evolution properties. In each case, however, the issue of path-dependence being hidden in the collinear PDFs appears to be crucial to understanding of the operator structure of the gaugeinvariant non-local matrix elements.
